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CHAPTER I 

INTRODUCTION 

The directivity of antenna a r r a y s  consisting of isotropic 

sources is firmly established [ 1 - 51. A fa i r ly  complete set  of 

curves showing the directivity of uniform linear a r r a y s  of iso-  

tropic sources and dipoles as a function of the element spacing 

has been prepared by Tai[ 1 1 ,  but to the author's knowledge no 

definite cri terion for  the optimum spacing of directive sources 

in a planar a r r a y  has been worked out. 

figuration which is not linear and introducing elements whose 

radiation pattern is dependent on the polar angle greatly com- 

plicates the integral expression for the power radiated f r o m  the 

antenna a r r a y  and therefore complicates directivity computations. 

Utilizing an  array con- 

Planar broadside arrays of individually directive endfire 

elements a r e  becoming increasingly popular since, with them, it 

is possible to obtain the directivity necessary for  tracking space 

vehicles. 

the vehicles, a r e  required for communicating with deep-space 

probes, such a r r a y s  might be considered for this application. It 

therefore becomes important that a cri terion be developed for  the 

optimum spacing of the elements in such an a r ray .  One criterion 

Also, since very directive antennas on the ground and on 

1 



which has  been applied is that of converting the directivity of an  

a r r a y  element to an effective aperture  and spacing the elements 

accordingly. This has been done purely on a heuris t ic  basis .  

This work is  directed towards the exploration of this "aper- 

tu re  concept" by using as an example the four-element planar 

broadside a r ray  shown in Fig. 1. 

because of several  inherent advantages. 

the a r r a y  is reasonably independent of the azimuthal angle. The 

a r r a y  configuration a l so  provides a convenient method, mechanically, 

f o r  varying the element spacing and allowing the elements to be 

spaced as compactly as desired.  Four  elements a r e  the minimum 

number that can form a planar a r r ay ,  and the geometry shown and 

circular  polarization were chosen f o r  symmetry considerations. 

This par t icular  a r r a y  i s  used 

With directive elements 

The theoretical results for  directivity, using the function 

cos ne to approximate the individual element sources ,  a r e  obtained. 

By varying the parameter n it is possible to simulate endfire 

element patterns of any desired directivity. 

ation patterns a r e  then obtained for  an  a r r a y  of helices having 

the geometry of F i g .  1 for  various spacings of the three peripheral 

elements with respect to the middle element. 

then shown to agree  with a r r a y  patterns clalculated by multiplying 

the pattern of the individual element by the theoretical  a r r a y  factor 

Experimental radi-  

These patterns a r e  

2 
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Fig. 1. The four-element planar a r r a y  and the appropriate 
coordinate s y s  tern 
(a) Azimuth plane 
(b) Three dimensional view. 
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(that pattern obtained by substituting isotropic sources  for  the a r r a y  

elements) 

The following conclusions emerge f rom this investigation. 

According to the calculations, the "aperture-concept", i. e . ,  spacing 

directive elements by the diameter of the c i rc le  which represents  the 

equivalent aperture,  resul ts  in  a near-optimum design in the sense 

that greater  spacings would produce little increase in total  direc-  

tivity and lesser  spacings would decrease directivity substantially. 

Secondly, the measured patterns agreed with those calculated by 

pattern multiplication for spacings greater than 1 . 2  wavelengths. 

This was to  be expected since the pattern of each element was 

relatively unaffected by neighboring elements; however the agree-  

ment was surprisingly good even at close spacings where the pat- 

t e rn  of one element was grossly distorted by the presence of other 

elements even when these were open-circuited at the terminal,  in 

which case  pattern multiplication would not be expected to give good 

resul ts .  

In  the experimental par t  of this investigation, it was neces- 

s a ry  to probe the terminal currents of the individual elements. 

difficulties associated with this measurement will be discus sed along 

with the observed effect of close spacing on the radiation pattern.  

Finally the effect of winding the individual helices around polystyrene 

tubing will be mentioned. 

The 

4 
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In all the calculations and in a l l  the experimental work each 

peripheral helix is spaced the same distance from the center helix 

and the four helices a r e  orientated in a similar manner, a s  shown 

in Fig. 2. 

Fig .  2. Relative orientation of helices. 
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CHAPTER I1 
DIRECTIVITY CALCULATION OF THE 

FOUR-ELEMENT PLANAR ARRAY 

1 . Obtaining the Directivity 
in Integral F o r m  

We desire to calculate the directivity of the planar a r r a y  of 

Fig. 1 where we will assume all four elements are excited by 

currents  of equal amplitude and phase. 

Directivity can be defined as[ 61 

- (radiation int:ensity)e + 
0 0  

average radiation intensity 
(1-1 1 

where indicates the direction in  which we a r e  considering 

the directivity and radiation intensity is  the power radiated into the  

'far field pe r  unit solid angle. Fo r  the case  where the individual 

elements a r e  linearly o r  circularly polarized (1-1) can be e-xpressed 

as [ 71 

f(e,+) sin 0 de d+ 
30 JO 

where f(ea +) = E ( B , + )  E(8, +)* and E(e,+) is a phasor quantity equal 

to the magnitude of one component of the electr ic  field intensity in  

the far field and E(O,+)* is the complex conjugate of E(€),+). 
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Now consider Fig. 3 where the angles and distances necessary 

for  determining E(0 a 9) are defined. 

volved in Fig. 3, remembering all elements a r e  equally excited, and 

utilizing pattern multiplication we may write 

Considering the geometry in- 

(1-3) 

where 

2lr p = -  
k *  

X = wavelength, 

k = constant, 

rn = rl - d cos LCln; n = 2,3,4, and 

d is the spacing between a peripheral  element and the 

center element. 

Now defining g = pd and observing that cos +n = sin 0 cos(+-an) 

whFre u 2  = 180°, ctg = 300°, a4 = 60° ( see  Fig. 3), Eq, (1-3) can 

be  written as 

Defining E(€),+) to equal we have 

7 
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Fig. 3 .  Geometry defining (a) rn and +n, (b) an. 
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(1-5) 

From (1.5) 

r 4  1 
E(e,+) = cosne  t jg  sin 8 cos(+=an) 

E(e,+)E(e,+)* = cos 2ne 

r 4 
-jg sin 8  COS(+-^, e 

m=2 

L L  

n=2 m=2 I 

Equation (1 -7). after suitable algebraic manipulation (see Appendix 

A) can be expressed a s  

t 2  cos(r?g sin e sin 4) . 1 
Now observing that (1-2) can be written a s  

9 



which equals 

we substitute (1-8) into (1-10) and perform the 4' integration. The 

resul t  of this integration (see Appendix B) i s  

where J, i s  the zero-th order  Bessel function of the first kind, 

0 
For the a r r a y  to  be broadside we must take 8, = 0 , and if we 

assume that a perfectly conducting ground plane i s  positioned at 8 = 90°, 

the fields in the region - I 8 s  n vanish; the corresponding equation 

for  directivity then i s  

n 
2 

10 

I 
1 
I 
I 
1 
1 
I 
I 
I 
I 
I 
1 
I 
I 
1 
I 
I 
I 
I 



1 
I 
I 
I 
u 
1 
I 
1 
I 
U 
I 
I 
1 
U 
I 
I 
I 

2. Integration with Respect to the 
Polar Annle - 

In this section we will evaluate the expression for directivity 

as given by (1-1 2) which entails an integration of the form 

(2-1) l I IL I Jo (g  sin e) cos2n8 sin 8 de, I 
It is possible to integrate (2-1) exactly, obtaining a ser ies  

solution, but for  element spacing of interest  in  this paper the se r i e s  

solution converged too slowly. 

useful fo r  smaller spacing it has been included a s  Appendix C, 

integration of (2-1) was performed numerically, using an IBM 7094 

c omput e r  . 

Since the ser ies  solution would be 

The 

In order to integrate (2-1) numerically, several  formulas are 

readily available and applicable for use on a high-speed computer, 

F o r  this particular integral, involving a Bessel function, it was 

desirable to  obtain an accurate answer with a minimum number of 

sample points because of the t ime involved in  using the Bessel- 

function subroutine, Consequently a Gaussian Quadrature formu- 

la[ 8,9] was used instead of the more  common Newton-Cotes 

formulas. A description of these two formulas and other numerical  

integration formulas and their application to the integration of antenna 

patterns is discussed by Allen[ 101 . One can conclude from his work 

1 
1 
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that the Gaussian Quadrature formula is m o r e  accura te  and more  

economical than the Newton-Cotes formula for  this purpose, 

The Gaussian Quadrature formulas a r e  derived f rom unassigned 

sample points and weights which a r e  published for  the integration in- 

terval  (-1 to 1)[ 111 In order  t o  use  these sample points and weights 

it is necessary to  make a change of variable in  (2-1). The integral  

(2-1) was split into two integrals,  one ranging f rom 0 to  ~ / 4  and the 

other f rom a / 4  t o  sr/2 to extend the 15-point Gaussian Quadrature 

formula to  30 points; the 30 points being sufficient to sample (2-1) 

by finite sums. Dividing the interval (0 to  ~ / 2 )  and making the 

change of variable 

where b is the upper limit on the integral t o  be evaluated and a is 

the lower limit, we have 

(2-3)  C"I2 [ Jo(g sin e) cosZn0 sin 81 de = 
J O  

* I -  

t J, ( g sin 6 - X + - 'l)) sin 6 - X t - 31) cos 2 n ( t X t $ ) ] d X .  

- _ 1  

It follows in the same way that 

J O  
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The expression for  directivity (1-12), after substituting (2-3) 

2 cos2ne sin e=- , is of the 
2ntl  

and (2-4), and noting that 

following form 

. 

3. Results of the Numerical Integration 

The directivity of the four element planar a r r ay  (as given by 

Eq. (2-5) was numerically evaluated for  values of n = 0, 1, 2, 3, 4, 

8, 12, 16, 20 as a function of the element spacing. A description of 

the computer program can be found in Appendix D, The results of 

this directivity calculation a re  shown in Figs. 4-12. In viewing the 

curves one should remember that the a r r a y  elements are mounted on 

a perfectly conducting ground plane and that the individual element 

13 



has an electric-field radiation pattern of cosn9, resulting in a 

cos% power pattern. 

A detailed discussion of the directivity calculations i s  p re-  

sented in Chapter IV ,  but it seems appropriate at this t ime to com- 

ment briefly on some aspects of the curves of Figs.  4-12. 

spacing, the directivity i s  the same a s  that of a single element 

positioned over a ground plane, viz. 2 (2nt l ) .  As the element spacing 

becomes very large,  sufficient that mutual impedances a r e  negligible, 

the directivity must be 4 times that of a single element (since we have 

4 in-phase elements with equal excitations); all of the directivity 

curves do approach this value. 

of an individual element is the same regardless of whether the ele- 

ment is isolated o r  is in the presence of other elements of the 

a r ray .  

tion, good agreement was obtained between a r r a y  calculations and 

a r r a y  patterns. 

urement of the individual element patterns that for some spacings 

this assumption was, in fact, incorrect even though its  use led to 

patterns which agreed with experiment. 

Fo r  zero 

The curves also assume the patterns 

It will be shown in Chapter 111 that by making the las t  assump- 

But it will also be demonstrated f rom direct meas-  

A final pertinent comment involves the accuracy of such a 

numerical integration. A direct evaluation of the e r r o r  i s  very dif- 

ficult but the following argument gives strong support t o  the validity 

of the results. For  the special case where n = 0, Eq. (1-12) reduces to  

14 
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(3-1) 
16 

1 s in  J T g  D =  
2 + 3 [ s i n k  + -  

It i s  relatively simple to evaluate (3-1) by a desk calculator and the 

resul t  can then be compared to the computer results for  n = 0 (iso- 

tropic sources).  This is a strong check on the automatic computation 

since the computer program h a s  to evaluate the Bessel  function and 

the sine function for each sample point for this special value of n 

precisely in the same way a s  for other values of n. Table I compares 

the results obtained with the computer for  n = 0 

obtained f rom using (3-1). 

with the results 

The resul ts  show the Gaussian Quadrature 

formula has provided a very accurate determination of the integral. 

No value is given for  d = 0 since the Bessel  function subroutine can 

not be used for  an argument of zero.  

15 



TABLE I 
Evaluation of Directivity Expression for n = 0 

Element Spacing Directivity 
in Wavelengths Desk Calculator Computer 

0 
0.2 
0 .4  
0.6 
0.8 
1.0 
1.2 
1 .4  
1.6 
1.8 
2.0 
2.2 
2.4 
2.6 
2.8 
3.0 

2.000 
2.961 
7.780 
9.730 
9.643 
9.270 
6.433 
6.987 
9.674 
8.644 
7.879 
7.655 
7.231 
8.466 
9.101 
7.668 

1 6  

- 
2.961 
7.780 
9.730 
9.643 
9.270 
6.433 
6.987 
9.674 
8.644 
7.879 
7.655 
7.231 
8.466 
9.101 
7.668 

I 
1 
1 
1 
i 
1 
1 
R 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
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Fig. 4. Directivity of planar a r r a y  of isotropic 
sources above a ground plane. 
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ELEMENT SPACING IN WAVELENGTHS 

Fig. 6 .  Directivity of planar array of elements 
with cos'e voltage pattern. 
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Fig. 7.  Directivity of planar a r r a y  of elements 
with cos3 8 voltage pattern. 
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ELEMENT SPACING IN WAVELENGTHS 

F i g .  8. Directivity of planar a r r a y  of elements 
with cos4 8 voltage pattern. 
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Fig. 10. Directivity of planar a r r a y  of elements 
with cos"8 voltage pattern. 
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Fig. 11 Directivity of planar a r r a y  of elements 
with cos16 8 voltage pattern. 
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CHAPTER I11 
EXPERIMENTAL WORK 

1. Introduction and Purpose 

The accuracy of pattern multiplication is  dependent, according 

to King[ 12 1,  on whether the individual elements all have the same 

field pattern regardless of : 

1. Their location in the a r r ay ,  

2.. The relative amplitude and phase of the excitation, 

3. The impedance of a generator o r  load connected 

across  terminal pairs .  

Stating it somewhat differently, Allen[ 131 says pattern multiplication 

is cor rec t  t o  the extent that the terminal conditions completely specify 

the cur ren ts  flowing on the radiators.  F o r  the cases  where this is 

not t rue  and pattern multiplication does not apply, Hines et  al. [ 141 

suggest superposition of the patterns of each individual element with 

all other elements present but open-circuited. 

with thin half-wave dipoles, used pattern multiplication taking as  the 

individual element pattern that pattern obtained with all other ele- 

ments present but terminated in an  effective generator impedance. 

Thus he assumes the current  distrihiitinn on a.11 e l e m e n t s  tc he  

Allen[ 13, 151, working 

identical and, for  this reason, res t r ic t s  his  calculations to thin half- 

wave dipoles, 
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In the directivity calculations performed in  Chapter 11 it was 

assumed that the cosnepattern of an individual element was unaffected 

by the presence of other a r ray  elements, thereby justifying the use 

of pattern multiplication. 

It is the purpose of this chapter to show for  what element 

spacings pattern multiplication, and consequently the calculated curves 

of Chapter II, is valid for the case of the four-element planar a r r ay .  

We will then observe for  what element spacing the optimum pattern 

was obtained. Also in this chapter experimental patterns a r e  pre-  

sented which show, contrary to expectation, that although the radiation 

pattern of an individual element of this a r r a y  becomes severely dis- 

torted for smaller spacings, pattern multiplication still produced a 

reasonably accurate pattern. 

2 .  Description of the Four-Element 
Planar  Array  

The a r r a y  (Figs .  13, 15)  exhibits three-fold symmetry in the 

azimuthal plane, and for directive endfire elements, such a s  helices,  

the a r r a y  pattern is relatively independent of the azimuthal angle. 

The helix (Fig.  13) was used for  the individual element since it 

possessed the desired radiation characterist ics , was believed to  

have low power coupling between elements, and could be supported 

mechanically so that the spacing between elements could be easily 

varied. To provide mechanical support the helices were wound on 
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Ground P l a n e  
36:: Diameter 

I 
16 Aluminum 
- 

7 Turns 
- - - - - -  

\ 
\ 
\ 

- - - -  
" I" Pol ystyren; Tubing. 4' Wa: I Thickness 

Fig. 1 3 .  Dimensions of planar a r r ay .  (a) Ground plane with helical 
element, (b) Helical element. 
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1;-inch diameter polystyrene tubing. It was originally believed that 

the tubing would have little effect since Jones [ 161 and Hame[ 171 con- 

cluded that the main effect of winding a helix around a polystyrene 

rod is to  shift the optimum operating frequency. 

not found to be the case for  the dimensions used here .  

operating frequency was not affected by the tubing, but the pattern 

(F ig .  14) is more  directive than would be predicted by c r i te r ia  pre-  

sented by Kraus[ 181. 

antenna is that the dielectric tube'acts a s  a form of polyrod antenna. 

Such a dielectric tube can support a HE11 mode[ 191 which can be 

excited by a helix[ 201.  Radiation patterns obtained by Kelly1 21 ] 

show a dielectric tube to be more directive than a helix of the same 

This,  however, was  

The optimum 

One explanation of the high directivity of the 

F i g .  14. Helix voltage pattern. 
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F i g .  15. Photograph of the a r r ay .  

length. 

of a dielectric tube when the length is l e s s  than two wavelengths [ 221. 

This might be a cause of the distorted main lobe. 

Also Kelly states there is significant radiation f rom the end 

Other experimental observations made were:  

1. The optimum operating frequency was 2500 mcs ,  cor re-  

sponding to a helix circumference of one wavelength. 

The directivity of a helix pattern was approximately equal 

to  the directivity of a cos% pattern with n = 10. 

The side lobe level increased f r o m  -14 db to -12 db as 

the helix was moved towards the edge of the ground plane. 

2. 

3 .  
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4. The slots in the ground plane had negligible effect on 

the a r r a y  pattern. 

The patterns of the different helices were  identical. 

The element pattern became severely distorted for  

small element spacings. 

in a la ter  section. 

5. 

6. 

This effect will be discussed 

3. Experimental Results 

The experimental patterns were  taken with the four-element 

array acting as a receiving antenna (F ig .  15). The transmitting 

antenna was a parabolic reflector with a half-wave dipole feed. 

small current probe was mounted on the ground plane near the feed 

of each helix to monitor the terminal current.  

probes and their  response has been included as Appendix E. 

diagram of the experimental set-up i s  shown in Fig. 16. 

A 

A discussion of the 

A 

Experimental field patterns of the planar a r r a y  a r e  shown in 

Figs. 17-19 fo r  element spacings corresponding to 5/6 thiough 13/6 

wavelengths incremented by 1 /6  wavelength steps. 

stration of the similarity of horizontally and vertically polarized 

patterns see  Fig. 20. 

azimuth angle of 90" (Fig. 1). Patterns taken for  other azimuth 

angles were consistent with those presented here.  

F o r  a demon- 

The preceding patterns were taken at an 
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Triple Stub 
Line Tuner Helix 

I I Four-Way 

+To Recorder 
Power 

Divider 

Crystal I 
Detector 

Mount 

F i g  16. Experimental setup . 

The pattern of the planar a r r a y  was calculated by pattern 

multiplication; the pattern of an isolated helix a s  shown in Fig. 14 

being multiplied by the a r r a y  factor. A comparison of the experi- 

mental a r r ay  pattern and this calculated pattern is shown in Fig. 21 

for element spacings of 13/6 and 9 /6  wavelengths. 

a r e  s imilar ,  with only minor discrepancies in the side lobe levels. 

The patterns of the individual elements become distorted f o r  ele- 

ments spacings of l ess  than 5/4 wavelengths, 

element the most distorted. To illustrate this,  the center element 

The patterns 

with the center 
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pattern is shown in Fig.  22 f o r  th ree  situations: a s  an isolated ele- 

ment, with the peripheral  elements open-circuited, and with the 

peripheral  elements short-circuited, the la t ter  two situations cor-  

responding to an  element spacing of 5/6 wavelengths. The open 

circuit  and short  circuit  conditions were determined by terminating 

each peripheral element with an adjustable short-circuited t rans  - 
mission line and varying the length of the line for  maximum o r  

minimum antenna terminal current a s  measured by the current  

probe response. F r o m  these patterns it is obvious that for  the 

smaller  spacings the basic assumption of pattern multiplication is 

violated since the terminal current no longer specifies the current 

distribution on the individual elements. A discussion of other 

terminal measurements has  been included as Appendix F, where 

the isolation between elements and the performance of the current  

probes a r e  discussed. 

with the isolated element pattern for  a spacing of 5/6 wavelengths 

is shown in Fig.  23. A more accurate pattern has  been obtained 

than could be anticipated in  view of the distorted element patterns 

at this spacing. 

The result of applying pattern multiplication 

In this section we have determined the a r r a y  pattern by using 

the isolated element pattern which has  a directivity of 4-0 ( o r  1 6  db). 

F o r  larger spacings pattern multiplication worked well, with the 

best  a r r a y  pattern occurring f o r  an element spacing of 2 wavelengths. 

3 3  



Smaller spacing resulted in an increased half-power beamwidth, 

while for larger spacings the number of side lobes increased. 

sequently for this particular array we can conclude a r r a y  multipli- 

cation i s  applicable for  the spacings of interest  - namely, those 

approximating the conditions for maximum directivity. 

Con- 
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Fig. 17. Ar ray  voltage patterns with element spacings of (a) 13/6 
wavelengths, (b) 12/6 wavelengths, (c) 1 1 /6 wavelengths, 
(d) 10 /6 wavelengths. 
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Fig. 18. Array voltage pattern with element spacing of (a) 9 / 6  
wavelengths, (b) 8/6 wavelengths, ( c )  7 / 6  wavelengths, 
(d) 6/6 wavelengths. 
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Fig. 19. Array  voltage pattern with element 
spacing of 5/6 wavelengths. 

Fig.  20 e Comparison of vertically polarized and horizontally polarized 
a r r a y  voltage pattern for  element spacings of (a) 13/6 wave- 
lengths, (b) 9/6 wavelengths. 
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Ca 
EX 

lculated 
pe r i  mental 

Fig. 21. Comparison of calculated and experinental a r r a y  voltage 
patterns for element spacings of (a) 13/6 wavelength, 
(b) 9/6 wavelengths. 

ated Center Element Pattern. 

Center Element Pattern With Peripheral 
Elements Short -Ci rcu i ted 
ter Element Pattern With Peripheral 
Elements Open- Circuited. 

Fig. 22. Illustration of the effect of the peripheral  elements on the 
voltage patterns of the center element at an  element 
spacing of 5 / 6  wavelengths. 
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Ca I c ul ated 
Experi menta I 

Fig. 23 .  Comparison of calculated and experimental 
array voltage patterns for an element 
spacing of 5/6 wavelengths. 
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CHAPTER IV 

RESULTS AND CONCLUSIONS 

O F  THE DIRECTIVITY CALCULATIONS 

In this chapter the results of the directivity calculations of 

Chapter 11 w i l l  be used to assess the effective aper ture  concept as 

a criterion for  determining an optimum spacing for  directive ele- 

ment s . 
The effective aperture  A of an  antenna is equal to the ratio of 

the power in the terminating impedance to  the power density of the 

incident wave[ 231. 

antenna can then be equated to the directivity D as[24]  

The effective aperture  of a matched and lossless  

k2 
' A = - D e  

41T (3-1) 

This definition, as has been pointed out by Tai1251, a lso assumes  

a polarization match between the incident field and the receiving 

antenna. If we take 

diameter,  measured in wavelengths, is  

the aperture  as the a r e a  of a circle  then its 

It has been conjectured that spacing the elements of a brnad- 

side array a t  element spacings of dk would be optimum. 

had used the effective aperture  concept in the design of his radio 

(Dr.  Kraus 
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telescope.12 6,271 

lowing heuristic argument may be presented. 

aper ture  a s  an a rea  which intercepts an  incident wave. 

element of the a r r a y  has this a r e a  which i s  related to the element 

directivity by (3-1). If the elements are spaced more  distant than 

d i ,  the aper ture  of each antenna is not affected by the other aper-  

tu res ,  resulting in a total a r r ay  aperture  of four t imes that of a 

single element (since we have four elements). This,  f rom (3-1), 

produces an a r r a y  directivity of four t imes that of an individual 

element. Now as the element spacing i s  decreased the effective 

apertures  will overlap, thereby decreasing the total a r r a y  aper-  

ture.  

To demonstrate that this i s  reasonable the fol- 

Think of the effective 

Each 

Decreasing the distance to zero produces complete over- 

lapping, resulting in a directivity equal to that of a single element. 

F r o m  this argument w e  conclude that the more  directive the in- 

dividual element, the larger  should be the spacings where the 

effective apertures  begin to overlap, consequently the la rger  must 

be the element spacing to  achieve maximum directivity. 

maximum directivity must  be equal to the product of the number 

of elements and the directivity of a single element, and we shall 

call it Dm. 

situations where the directivity can exceed D,. 

This 

This definition does not take into consideration the 

In addition to the comments made in Chapter II with regard 

to the directivity curves (Figs. 4-12) we observe the following. 
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1. 

2. 

3 .  

The more directive the individual element, the la rger  

must be the element spacing before D, i s  attained. 

This is  as predicted by the effective aperture  concept. 

F o r  reasonably directive elements the directivity 

approaches D, asymptotically. 

in directivity, the elements can be spaced somewhat 

more  compactly. 

Values of directivity exceeding D, are  achieved for  only 

the less directive elements. 

F o r  a small sacr i f ice  

F r o m  the curves of Figs. 4-12, Table I1 has been prepared. 

TABLE I1 
Summary of the Directivity Calculations 

Elemen t  Spadng 

lndividual 
Element  
P a t t e r n  

cos08 
cos1 e 
cos2 e 
cos3  e 
COS' e 
coz8 n 
cos12 e 
cos1 e 
coszoe 

Directivity 
of 

Individual 
Element  

2 
6 

10 
14 
18 

50 
66 
82 

2.4 ,I 

Drx 

8 
24  
40 
56 
72 

200 
264 
328 

1 -JL 
I ,"  

- 

i n  Wavele  
I n  
A c c o r da nc e 
With the 
A p e r t u r e  
Concept  

D - 
TI 

. 4 5  

.78 
1.00 
1.19 
1 .35  

2 .25  
2.59 
2.89 

1 o r  
I .  " 2  

42 

gths 
Where  

F i r s t  
At ta ined  

D, 

. 4 1  

. 7 3  

. 9 4  
1 .19  
1. 32 

2.8 
3. 4 

7 n ( I  
L. . t,<, 

Direc t iv i ty  

a t  d X =  JE 

DA 

9 .5  
24.7 
42. 
56 
72 .  

196. 
258. 
322. 

9 1 1  
1 J . f r  

1.19 
1.06 
1.05 
1 .0  
1 .01  
c .  99 
0 .98  
0.98 
0.98 

i n  db 
DA 
Do- 
- 

0.74 
0.25 
0.21 
0.0 
0 . 0 2  

-0.09 

A A .  -u.u* 

-0.09 
-0.09 

I 
1 
I 
1 
I 
I 
I 
I 
1 
I 
I 
I 
I 
I 
I 
I 
1 
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Of special significance is the last column which shows the ratio of 

the directivity of the array corresponding to dh =./IT and of D,. 

In other words this shows the difference in directivity between D, 

and the directivity attained by spacing the elements according to 

the aperture  concept. 

As can be seen f rom Table 11, the spacing of elements in the 

broadside planar a r r a y  at a distance corresponding to the diameter 

of an individual element's effective aperture  provides a good 

cr i ter ion for  spacing the elements in order  to attain the maximum 

directivity possible from,the a r ray .  F o r  more  directive elements 

it may be desirable to space the elements somewhat c loser  than 

predicted f rom their  apertures at a small  sacr i f ice  in  directivity. 

Although it should be noted that for  element spacing l e s s  than dx 

the directivity curves become approximately l inear such that any 

decrease in element spacing has  associated with it a decrease in 

directivity. F o r  the less  directive elements one may find it 

desirable to space the elements to benefit f rom the oscillatory 

behavior of the directivity. As a final note let us apply the aper -  

tu re  cri terion to the experimental a r r ay .  The individual elements 

had a directivity of approximately 40. Consequently we  would want 

to space the elements a t  a distance equal to J 40/m = 1.98 wavelengths. 

This was the spacing found to be optimum in the discussion of experi- 

mental results.  
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A P P E N D I X  A 

REDUCTION OF POWER EXPRESSION 

Given the equation 

4 

(A-1) E(OJ+)E(OJ+)* = cos2ne{l t 2 7 cos(g sinOcos(+-q.J) 

if 
n=2 

and noting that 2 cos 

L 
m=2 

can wr i te  

t 2 cos[g sin e(cos(+-%) - cos(+-a,))]  

t 2 cos[ g s in  e(cos(+-a,) - cos(+-a,))] 

t 2 cos [gs ine (cos (+-g )  - cos(+-a,))] 

Observing that 

COS(+-%) - cos(+-c+J equals 

[cos am - cos %] cos + t [ s in  cl, - sin %]sin + 
and making the substitutions a, = 180°,  a3= ? O O o ,  cl, = 60" Eq. (A-2) 

can be written as 

( 5  2 cos g s in  6 - cos + - - 2 s in  +)] 
2 cos g s i n  e cos + t G sin +)I [ c 

[ (i 2 

44 



(A-3) 
cont. 

t 2 cos [$5g sin e sin +I  

t 2 cos g sin e cos + t 6 - sin +)I}. [ ($ 2 

Upon expanding the trigonometric functions in (A-3) and combining 

t e r m s  we finally have 

E ( o , + ) E ( ~ , + ) *  = cos2ne 4 t 2cos(g s in  ecos $1 t (A-4) 

g s in  e s in  + 

t 2 c o s ( c g  s in  e s i n  9) 
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APPENDIX B 

INTEGRATION OF POWER EXPRESSION 

1 
I 
I 

t 4 cos 29 sin e cos 9 cos - g sin e sin + 
( 2  ) ) 

t 2 cos( $;g s in  8 sin @) d+ e I 
Taking the identities [ 28 ] 

I n  this appendix we will evaluate the expression 

J2k(X) C O S  2k@ , i cos(x s in  @) = Jo(x) t 2 

k=  1 

m 

(B-3) sin(x sin 4) = 2 ) J 2 k - 1 ( ~ )  sin(2k-l)@, 
L. 

k=  1 

Jn(x)'being the nth order  Bessel  function of the f i r s t  kind, and in- 

tegrating each side f rom @ = a to + = 2 ~ r t a ,  a being any r ea l  con- 

stant, we obtain 

(B-4) Jo(x) = - 3 cos(x s in  @) d@ , 
21T a 

2rta 
sin(x s in  +) d@ . 

a 

46 



Replacing the integral of the sum by the s u m  of the integrals 

in  (B - l ) ,  two integrations a r e  now immediate; namely, 

The following integration, 

2 I:lrcos(g sin @ c o s  +)d+, 

is also immediate from (B-4) upon the substitution 4 = y - 90” yielding 

In (B-1) we have two integrals left to evaluate. 

We consider first the integral 

(B-9) 4 s,”” cos($ sin 8 cos + 

which upon utilizing the identity cos A cos B = - 1 cos(A-B) t - 1 cos(AtB) 
2 . 2  

becomes 

(B-10) 2 s,’” c o s 6  sin @(+ cos 9 - -- sin d+ t 2‘ >> 
2 s,”” cos(g sin e(+ COS + t 3 2 s in  +))d+ 
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which equals 

(B-11) 2 f "  cos 

2 ["cos 

g s in  esin(4-30)) d+ t 

g s in  es in(4  t 30))d+ . 

Upon substituting tl = 4-30 in  the first integral  and '1 = 4 t 30 in  the 

second integral, (B-11) is of the fo rm (B-4), consequently (B-9) 

becomes equal to 8rr Jo(g  s in  e ) ,  

In a similar manner the final integral  to be evaluated is  

(B-12) 
21T 

410 cos (% sin 8 cos @)cos (9 sin 8 s in  4 

= 8rr Jo(F sin e ) ,  

Combining the resul ts  of the integrations leading to (B-6), (B-7),  

(B-11), (B-12) we have (B-1) equal to 

(B-13) ~ o s ~ ~ 8 [ 8 l ~ t  1 2 ~  Jo(g s in  e )  t 1 2 ~  J , ( P g  s i n e ) ]  

= 2 ~ [ 4  t 6 Jo (g  s in  e) t 6Jo(.Pg s in  ~ ) ] c o s ~ ~ € I .  
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APPENDIX C 

INFINITE SERIES SOLUTION FOR DIRECTIVITY 

In this section we will obtain an infinite-series solution to  the 

integral 

(C-1) [ Jo(g s in  e) cosZn@ sin e]de . 

Making the substitution, p = g sin 8, (C-1) becomes 

whereupon by integration by parts we obtain 

We now resu 

2ntl  

2nt l  

s t i t u t e  the trigonometric functions by letting p = g sin 

and (C-3) becomes 

W e  now concentrate on the integral 

rnlz cos 2n+2e J~ (g sin e)de 

which, upon expanding the Bessel function, becomes 
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sin‘mtl e 
m!  ( m t  1) ! 

1 d e .  

Since in an uniformly convergent s e r i e s  we can interchange summation 

and integration we have 

and our problem has simplified to the evaluation of 

r=I2 cos 2nt2e sin2mS1€l de . 
JO 

We note in particular that the index on the cosine function is 

an  even integer and that the index on the sine function is an odd 

integer. We digress now and consider the integral 

m (C -9) cos x sin x dx 

where n is an even integer and m is an odd integer. Upon inte- 

grating (C-9) we obtain 

equals 

(C-10) 

i ~ / 2  
m - 1  - 1 1  

m-2 m-1 
c o s ~ a  I lx j b ’  mtn sin xcosnx dx. 

.. s in“’ 
m t l  
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F r o m  consideration of (C-10) we can make the following observations. 

Because of the range of integration ( 0  to ~ / 2 )  the first term on the 

right side of (C-10) i s  zero and the index on the sine function has de- 

c reased  by 2 in the integrand. 

wri te  

By mathematical induction we can 

(C-11) sinm, cos% d~ = 

m-1 m-3 . m-5 2 1 .  . . .-  
m t n  mtn-2 mtn-4  n + 3 ]  n+l 

Letting n = 2n + 2 and m = 2mtl in  (C-11) we obtain f o r  (C-5) that 

211t2~ sinZm+l de = c-12) 

2m-2 . 2m-4 
2m+2nt3 2mt2n+l 2mt2n- 1 

As 'can be seen in (C-12) the condition m = 0 is not applicable and must 

be considered separately.  Doing this we have 

Now substituting (C-12) and (C-13) into (C-7) and finally sub- 

stituting into (C-4) we have 
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(C-14) [ Jo (g  s in  e) sin 8 ~ o s ~ ~ 8 ] d 8  = lo=iz 
r m /  

2m -2 
2mt2n t l  

To provide a check on this equation, one can observe that when 

n = 0 we have [ 2 9 ]  

Jo(g  s in  e) sin 8 de = 9 
g 

and that the right side of (C-14) does reduce to 
g 

Define the right side of (C-14) to equal S ( g ,  n) then the expression 

obtained for  directivity in Chapter 11 becomes 

The usefulness of Eq. (C-14) is  limited by the value of g .  If 

g becomes too large,  the ser ies  converges slowly while the s ize  of the 

terms in the ser ies  becomes very large.  F o r  values of g greater  

than six it would be advantageous to use other means fo r  evaluating 

the integral  expression (C-1). 
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APPENDIX D 

COMPUTER PROGRAM DESCRIPTION 

The flow sheet of the computer program is shown in Table III. 

Also included in  this Appendix is a printout of the Scatran program 

used. 

needed since it was originally writ ten for the more  general case  of un- 

equal current  excitations of the individual elements. A portion of 

the result printout is shown f o r  the cases  where n = 1, 2, and 3. 

last page contains the data input which i s  the weights and sample 

points used in the Gaussian Quadrature formula. 

More statements a r e  included in the program than a r e  actually 

The 

53 



TABLE 111 
Flow Diagram fo r  the Computer Program 

F = F t H (  N) .':DD': E E .  P . ( Z'XI N ) ' 
E. P.(Z:;iN):l:(K:~RA:~PGtPC3) 
::: (K+":':JG+JG3) + D::: 

(7 START 

+ 
R E A D  mPur 

.) 
A ( L ) , H ( L ) . L =  l , I , L < l ?  

c . 3  
B = 3 . 1 4 1 5 9 2 b 5  
K = 1 . 0  
NA = 0 
RA = 1 . 0  

w 
DO THROUGH ( B L A C K )  
I N -  1, 1. I N <  3 

DO 'IWROUCH ( B L A C K )  I' DI = 0 . 2 ,  0 . 2 .  DI( ? . O  

G - 2 . 0  13 DI 

.) 
X = A ( h )  
TTpi = u,'8 :': ( x + i .  0 1  
T P 3  = I318 :::(X+!.O) 
DD = SIN.  ( T P I )  
EE = C O S . ( T P I !  
D = S l N . ( T P 3 )  
E = cos.(rp3) 

I E 7 0 . 0  

7 N = N + l  

- Y e s _  

1 No 

4 1 5 - 2  ( % + K . P L )  2 l N t l  

b H 1 T E  O U T P U T  
AN5,  D1, I N ,  NA, K 

4 
DI = DI +O.  2 

IN = I N  t I , 
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PROGRAM S T A T E M E N T S  FOC( 

D I MENS I ON 
F L O A T I N U G  

S T A R T  R E A D  INPU 

C=3.P .0 .5 -  
F GO (2F 1 2 . 8  1 

TABLE 1V 
Scatran Program Statements 

8 = 3 * 1 4 1 5 9 2 6 5 -  
C1:O.O- 

RED C 2 ~ 6 . 9 -  
ORANGE (c=c 1 /c2- 

<= 1.3- 
N A = 3 -  
U A = l . I J -  

6 E f i  

I ON5 

. l .L .L ' . IS ) l -  

0000 
000 I 
0002 
0003 
3004 
0005 
0005 
0007 
0008 
0009 
3010 
001 1 
0 0 1 2  
0013 
0014 
0 0 1 5  
0016 
G O 1  7 
OOlU 
O O I Y  
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3002 
0043 
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0015 
ooue 
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TABLE V 
Portion of Scatran Program Printout 

D i r e c t i v i t y  

7 . 5 5 7  
13 .518  
21 .653  
24 .988  
27 .063  
24 .916  
22 .456  
23 .288  
24 .542  
24 .468  
21 .215  
23 .684  
23 .561  
24 .200  
24. 3 39 
11 .790  
18 .081  
28 .  35-4 
36 .261  
41 .062  
42 .57 ;  
40 .457  
; q .  I 4 7  
39 .571  
4O.llb 
40 .286  
40 .156  
39 .845  
39 .830  
40 .047  
15 .917  
22"  377 
33.487 
44. h30 
52 .455  
5 7 "  200 
57 .751  
56 .256  
55 .560  
55 .721  
5 6 . 0 1 4  
56 .162  
56 .082  
55 .936  
55 .932  

L l e m e n t  Spacing 
in  Wave leng ths  

0 .200  
0 .400  
0 . 6 0 0  
0 . 8 0 0  
1 e 000 
lo 200 
1 .400  
I .  600 
1 a 800 
2 .000  
2 . 2 0 0  
2 . 4 0 0  
2 . 6 0 0  
2 .800  
J , 0 0 0  
0 . 2 0 0  
0 . 4 0 0  
0 . 6 0 0  
0 .  do0 
I .  OC0 
1 . Z ( ' O  

r . O \ )  

1 .  no0 
2 .000  
2 .200  
2 .400  
2.  t o o  
2 .500  
3.000 
0 . 2 0 0  
0 "  400 
0 .  boo 
0.800 
1 ,  OGO 
1 .200  
1 400 
1 . t o o  
1 .800 
2 .000  
2 .200  
2 .400  
2 . 6 0 0  
2 .  boo 
3.000 

I . - i o c ~  
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n 

1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
2 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 
3 

I 
1 
1 
i 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 

~ 



Sample Points 

Data .c 4, J. 
<,. ,,. .,. 

-0.98799251 
-0.9 3727 3 39 
-0.84820658 
-0.72441773 
-0.5709721 7 
-0.3941 51 34 
-0.20119409 

0.00000000 
0.20119409 
0.3941 51 34 
0.5709721 7 
0.72441 77 3 
0.84820658 
0.93727339 
0.98799251 

TABLE VI 

Data Input 

Weights 

0.03075324 
0.07036604 
0.1071 5922 
0.13957067 
0.16626920 
0.18616100 
0.19843148 
0.20257824 
0.19843148 
0.18616100 
0.16626920 
0.13957067 
0.1071 5922 
0.070 36604 
0.03075324 
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APPENDIX E 
DESCRIPTION O F  THE CURRENT PROBES 

In order to insure the array was uniformly excited at a l l  ele- 

ment spacings, it was desirable to devise a method to detect any 

significant change in the element terminal currents.  Current probes 

consisting of small  shielded image loops were  constructed and 

mounted on the ground plane, one near the feed of each helix a s  

shown in Fig .  24. Assuming the probe was symmetrical  and 

I 

‘ I  

“N ‘I Connector id wG’’78 w \  

Subminax 

I 
I 
1 
I 
I 
s 
1 
1 

1 
I 
I 
I 
I 

F i g .  24. Current probe. 
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sufficiently small ,  i t  would respond to only a magnetic field com- 

ponent. Then assuming a TEM mode exists,  this component is pro- 

portional to the terminal current (because the space distribution is 

fixed) . 
The probe position relative to each helix is shown in Fig. 25. 

I 

A 

Probe 

Fig .  2 5. Orientation of probes. 

The probes have been designated by le t te rs  so  that special atten- 

tion might be called to a specific probe a s  these probes will again 

be re fer red  to in Appendix F. 

It was necessary to determine whether each probe was actually 

responding to the feed current of i ts  helix alone. Methods shown by 

Whiteside[ 301 for separating the response due to the magnetic field 
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f r o m  the response of an  electric field were  not applicable to the 

experimental set-up. 

the probe response and their  resul ts  were:  

The methods that were  used to ascer ta in  

1. Attenuation of an individual helix excitation resulted 

in  an equal attenuation of the response of its probe. 

Variation of the phase of an individual helix exci- 

tation resulted in a similar variation of the response 

of its probe. 

Comparison of a helix pattern with the pattern of i ts  

probe, with the .helix terminated in a matched load, 

resulted in agreement for  probes A, B,  and D. A 

typical pattern is shown in F i g .  26. The pattern of 

helix C was essentially not similar to its helix pat- 

t e r n  and it was concluded the probe was not operating 

properly. 

2. 

3 .  

The above results were obtained only when the element spacing 

was sufficiently large,  i .e. ,  on the order  of a wavelength. 
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Fig. 26. Voltage pattern of a helix and its probe. 
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APPENDIX F 
TERMINAL MEASUREMENTS 

In this section we will present the resul ts  of measurements 

with the current probes and the resul ts  of measurements of power 

coupling between two helices as measured at their  terminals.  

The probes were used to monitor any change in the amplitude 

and relative phase of the excitation of each helix as the element 

spacing was varied. 

in Fig. 27 and Fig. 28. Both plots have reference relative to an  

element spacing of 26 centimeters o r  131/6 wavelengths. In order  

to achieve this small variation for the smaller  element spacings a 

small conducting s t r ip  of aluminum was fastened to the polystyrene 

tubing opposite the probe of each antenna ( s e e  Fig. 29). 

this s t r ip  the variation in phase was as much as 21" e 

The results of these measurements a r e  plotted 

Without 

A brief study was made of the power coupled to the terminals 

of one helix from another helix. 

shown in Fig. 30, the power coupling is dependent on the spacing 

between elements, the angle a ,  and the angle (3. A plot of such 

coupling is shown in Fig. 31, where the angle B has been varied 

throughout 360" with the angle a fixed. 

minimum in coupled power, no conclusion could be made as to a 

relationship between any arb i t ra ry  angle a and the angle for  which 

If one considers two helices as 

Although there  is  a sharp  

6 2  
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I 
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1 
U 
1 
1 
I 

a minimum occurred with the limited amount of experimental work 

performed. For  the situation plotted in F ig .  31 a minimum oc- 

curred f o r  a = p  but this was not the case for other values of a .  

Measurements were also made of the power coupled f rom the 

three peripheral elements of the four-element planar a r r a y  to the 

center element. The results a r e  shown in Fig. 32. F r o m  thzse 

measurements one could conclude that the mutual impedance between 

the helices is not a negligible quantity, even though traveling-wave 

structures of this type are often assumed to have very small mutual 

impedance. 
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26 24 2 2  20 18 16 14 12 10 
E l e m e n t  Spacing ( c m )  O n e  W a v e l e n g t h  = 1 2 c m .  

Fig. 27. Variation of probe signal with element 
spacing. 

F i g .  28. Variation of phase between the middle 
element and the peripheral elements 
with element spacing. 
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Strip 

(Cur rent Probe 
not Shown ) 

Fig.  29. Shielding strip. 

I I 
- d 1  
I I 

I 
I 

I -(,e I - - - - - - - - -  (( 0 I --  

A 

0 

0 I 
/ I I 

Fig. 30.  Definition of angle 01 and angle 0. 
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X 

5 
ANGLE p (DEGREES) 

x - -  
X 

X 

195 2 

Fig. 31. Coupling between two helices as a 
function of the angle B .  
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0.8 0.9 I .o 1 . 1  1.2 0.3 0.4 0.5 0.6 0.7 
ELEMENT SPACING IN WAVELENGTHS 

Fig. 32. Power coupled to  the center element f rom 
the peripheral elements of the planar 
a r r ay .  
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